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Abstract
It is shown that the heat kernel operator for the Laplace operator on any
covariantly constant curved background, i.e. in symmetric spaces, may be pre-
sented in form of an averaging over the Lie group of isometries with some non-
trivial measure. Using this representation the heat kernel diagonal, i.e. the heat
kernel in coinciding points is obtained. Related topics concerning the structure
of symmetric spaces and the calculation of the eective action are discussed.
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1. Introduction
The heat kernel, a very powerful tool for investigating the eective action in quantum
eld theory and quantum gravity, has been the subject of much investigation in recent years
in physical as well as in mathematical literature [1-22]. The subject of present investigation
is the low-energy limit of the one-loop contribution of a set of quantized elds  on a d-
dimensional RiemannianmanifoldM of metric g

with Euclidean signature to the eective
























F =   +Q+m
2
; (1:3)







, Tr meaning the functional trace,  being a renormparameter intro-
duced to preserve dimensions, Q(x) an arbitrary matrix-valued function (potential term),
m a mass parameter and r

a covariant derivative. The covariant derivative includes,
in general, not only the Levi-Civita connection but also the appropriate spin one as well







The Riemann curvature tensor, the curvature of background connection and the potential
term completely describe the background metric and connection, at least locally. In the
following we will call these quantities the background curvatures or simply curvatures and





Exact evaluation of the heat kernel U(t) is obviously impossible. Therefore, one should
make use of various approximations. First of all, let us mention the very important so called

























This expansion is purely local and does not depend, in fact, on the global structure of
the manifold *. Its coecients b
k
(we call them Hadamard - Minakshisundaram - De Witt -
* In manifolds with boundary additional terms in B
k
as well as new terms of order
t
 d=2+k=2
in form of surface integrals over the boundary @M appear. For details see [12,13],





Seely (HMDS) coecients) are local invariants built from the curvature, the potential term
and their covariant derivatives [1,5,6,14]. They play a very important role both in physics
and mathematics and are closely connected with various sections of mathematical physics
[14,22]. Therefore, the calculation of HMDS-coecients is in itself of great importance.
Various methods were used for calculating these coecients, beginning from the direct De
Witt's method [1] to modern mathematical methods, which make use of pseudodierential
operators, functorial properties of the heat kernel etc. [5-13]. Very good reviews of the
calculation of the HMDS-coecients are given in recent papers [14].
Nowadays, in general case only the rst four coecients are explicitly calculated.
The rst three coecients were calculated in [9]. An eective covariant technique for
calculating HMDS-coecients is elaborated in [10,4], where also the rst four coecients
are computed. In the case of scalar operators the fourth coecient is also calculated in [11].
Analytic approach was developed in [7], where a general expression in closed form for these
coecients was obtained.The leading terms in all the volume coecients B
k
quadratic in
the background curvatures were calculated completely independently in [15,16].
Although the Schwinger - De Witt expansion is good for small t, (viz. t<  1), and
thereby in the case of massive quantized elds in weak background elds when <  m
2
,
it is absolutely inadequate for large t in strongly curved manifolds and strong background
elds (< m
2
). For investigating these cases one needs some other methods.
A possibility to exceed the limits of the Schwinger - De Witt expansion is to employ the
direct partial summation [2]. Namely, one can compare all the terms in HMDS-coecients
B
k
(1.6), pick up the main (the largest in some approximation) terms and sum up the
corresponding partial sum. There is always a lack of uniqueness concerned with the global
structure of the manifold, when doing so. But, hopefully, xing the topology, e.g. the
trivial one, one can obtain a unique, well dened, expression that would reproduce the
Schwinger -De Witt expansion, being expanded in curvature.
Actually, the eective action is a covariant functional of the metric and depends on
the geometry of the manifold as a whole, i.e. it depends on both local characteristics of
the geometry like invariants of the curvature tensor and its global topological structure.
However, we will not investigate in this paper the inuence of the topology but concentrate
our attention, as a rule, on the local eects. Then the possible approximations for eval-
uating the eective action can be based on the assumptions about the local behavior of
the background elds, dealing with the real physical gauge invariant variations of the local
geometry, i.e. with the curvature invariants, but not with the behavior of the metric and
the connection which is not invariant. Comparing the value of the curvature with that
of its covariant derivatives one comes to two possible approximations: i) the short-wave
(or high-energy) approximation characterized by rr<  << and ii) the long-wave (or
low-energy) one rr< <<.
The idea of partial summation was realized in short-wave approximation for investi-
gating the nonlocal aspects of the eective action (in other words the high-energy limit
of that) in [15,4], where all the terms in the HMDS-coecients B
k
with higher deriva-
tives (quadratic in the curvature and potential term) are calculated and the corresponding
asymptotic expansion is summed up. Another approach to study the high-energy limit of
the eective action, so called covariant perturbation theory, is developed in [17].
3
2. Low-energy approximation and its consequences
The low-energy eective action, in other words, the eective potential, presents a very
natural tool for investigating the vacuum of the theory, its stability and the phase structure
[23]. Here only partial success is achieved and various approaches to the problem are only
outlined (see, e.g. our recent papers [20,21]).
The long-wave (or low-energy) approximation is determined, as it was already stressed
above, by strong slowly varying background elds. This means that the derivatives of all
invariants are much smaller than the products of the invariants themselves. The zeroth











Q = 0: (2:1)
In this case the HMDS-coecients are simply polynomials in curvature invariants and
potential term of dimension <
k






























Mention that the commutators [Q;R

] are of order O(rr<) and, therefore are neglected
here.
Then after summing the Schwinger-De Witt expansion (1.5) we obtain for the heat











































































































































is a function of local invariants of the curvatures (but not of the potential).
It is naturally to call the functions 
(t) and V (<), that do not contain the covariant
derivatives at all and so determine the zeroth order of the heat kernel and that of the ef-
fective action, the generating function for covariantly constant terms in HMDS-coecients
and the eective potential in quantum gravity respectively.
Let us mention that such a denition of the eective potential is not conventional. It
diers from the denition that is often found in the literature [24]. What is meant usually
under the notion of the eective potential is a function of the potential term onlyQ, because
it does not contain derivatives of the background eld (in contrast to Riemann curvature
R

that contains second derivatives of the metric and the curvature R

with rst
derivatives of the connection). So, e.g. in [24] the potential term Q is summed up exactly





, i.e. the curvatures are treated perturbatively. Thereby the validity of





Such an expansion is called `expansion of the eective action in covariant derivatives'.
Without the potential term (Q = 0) the eective potential in such a scheme is trivial.
Hence we stress here once again, that the eective potential in our denition contains,
in fact, much more information than the usual eective potential does when using the
`expansion in covariant derivatives'. As a matter of fact, what we mean is the low-energy
limit of the eective action formulated in a covariant way.
Mention that the conditions (2.1) are local. They determine the geometry of the locally
symmetric spaces. However, the manifold is globally symmetric one only in the case when
it satises additionally some global topological restrictions (usually it has to be connected)
and the condition (2.1) is valid everywhere, i.e. at any point of the manifold [25].
But in our case, i.e. in physical problems, the situation is radically dierent. The
correct setting of the problem seems to be as follows. The low-energy eective action
depends, in general, also essentially on the global topological properties of the space-time
manifold. But, as it was mentioned above, we do not investigate in this paper the inuence
of the topology. Therefore, consider a complete noncompact asymptotically at manifold
without boundary that is homeomorphic to IR
d
. Let a nite not small, in general, domain
of the manifold exists that is strongly curved and quasi-homogeneous, i.e. the invariants
of the curvature in this region vary very slowly. Then the geometry of this region is locally
very similar to that of a symmetric space. However one should have in mind that there
are always regions in the manifold where this condition is not fullled. This is, rst of
all, the asymptotic Euclidean region that has small curvature and, therefore, the opposite
short-wave approximation is valid.
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The general situation in correct setting of the problem is the following. From inn-
ity with small curvature and possibly radiation, where [17] <<  rr<, we pass on to
quasi-homogeneous region where the local properties of the manifold are close to those of
symmetric spaces. The size of this region can tend to zero. Then the curvature is nowhere
large and the short-wave approximation is valid anywhere. If one tries to extend the limits
of such region to innity, then one has also to analyze the topological properties. The
space can be compact or noncompact depending on the sign of the curvature. But rst
we will come across a coordinate horizon-like singularity, although no one true physical
singularity really exists.
This construction can be intuitively imagined as follows. Take the at Euclidean space
IR
d
, cut out from it a regionM with some boundary @M and stick to it along the boundary,
instead of the piece cut out, a piece of a curved symmetric space with the same boundary
@M . Such a construction will be homeomorphic to the initial space and at the same time
will contain a nite highly curved homogeneous region. By the way, the exact eective
action for a symmetric space diers from the eective action for built construction by a
purely topological contribution. This fact seems to be useful when analyzing the eects of
topology.
Thus the problem is to calculate the low-energy eective action (2.7), (2.8), i.e. the
heat kernel for covariantly constant background. Although this quantity, generally speak-
ing, depends essentially on the topology and other global aspects of the manifold, one
can disengage oneself from these eects xing the trivial topology. Since the asymptotic
Schwinger - De Witt expansion does not depend on the topology, one can hold that we
thereby sum up all the terms without covariant derivatives in it.
In other words the problem is the following. One has to obtain a local covariant
function of the invariants of the curvature 
(t) (2.9) that would describe adequately the
low-energy limit of the trace of the heat kernel and that would, being expanded in cur-
vatures, reproduce all terms without covariant derivatives in the asymptotic expansion of
heat kernel, i.e. the HMDS-coecients a
k
(2.3). If one nds such an expression, then
one can simply determine the -function (2.5) and, therefore, the low-energy limit of the
eective action (2.7), (2.8).
3. Symmetric spaces
In this paper we will get the most out of the properties of symmetric spaces. Let us
list below some known ideas, facts and formulae about symmetric spaces presented in the
form that is most convenient for calculating the heat kernel and the eective action.
So, what is the direct consequences of the condition of covariant constancy of the
curvature (2.1)?
3.1 Geometrical framework
First of all, to carry out the calculations in the curved space in a covariant way we
need some auxiliary two-point geometric objects, namely the geodetic interval (or world
function) (x; x
0
), dened as one half the square of the length of the geodesic connecting the
6
points x and x
0



















this geodesic at the points x and x
0





) which is covariantly








































































Therefrom it is clear that the frame components of a covariantly constant tensor are simply
constant.
In the case of covariantly constant curvature one can express the mixed second deriva-























explicitly in terms of the curvature at a xed point x
0

































This expression as well as any other similar expressions below should be always understood
as a power series in the curvature.
3.2 Curvature
Let us consider the Riemann tensor in more detail. The components of the curvature















, (i = 1; : : : ; p; p  d(d  1)=2), is some set of antisymmetric matrices (2-forms)
and 
ik
is some symmetric nondegenerate matrix.





















































































are known to be the generators of the isotropy algebra H (or restricted





























The structure constants F
j
ik
of the isotropy algebra are completely determined by these






















g are the generators of the isotropy algebra in adjoint representation.
Mention that the isotropy group H is always compact as it is a subgroup of the orthogonal
group (in Euclidean case).
Now let us rewrite the condition of integrability of the relations (2.1) given simply by






































This equation takes place only in symmetric spaces and is the most important one. It is
this equation that makes a Riemannian manifold the symmetric space.



















that means that the adjoint and coadjoint representations of the isotropy group are equiv-
alent.

























that means, in particular, that the Ricci tensor matrix commutes with all matrices D
i
and
is, therefore, an invariant matrix of the isotropy algebra.
Actually, eq. (3.13) brings into existence a much wider algebra G of dimension dimG =









































































































and are, therefore, the structure constants of some Lie algebra G, the matrices C
A
being
then the generators of this algebra in adjoint representation. More precisely, the commu-





























As we will see below this algebra is, actually, isomorphic to the Lie algebra of innitesimal
isometries.
And, second, using the denition of D-matrices and the eq. (3.14) one can show that



















meaning the equivalence of the adjoint and coadjoint representations of the algebra G.
In other words, the Jacobi identities (3.22) are equivalent to the identities (3.12) that








. Vice versa the structure of the algebra G is completely determined by
the curvature tensor of symmetric space at a xed point x
0
.
Now consider the curvature of background connection R
ab
. One can show analogously





























are the same 2-forms and R
i






















; Q] = 0 (3:26)




; Q] = 0: (3:27)
3.3 Isometries
On the covariantly constant background (2.1), i.e. in symmetric spaces, one can easily






















































































































Thereby we have found all the coecients of the covariant Taylor series (3.1) for the Killing

















































Therefore, all Killing vectors at any point x are determined in terms of initial values









) at a xed point x
0
. The
set of all Killing vectors G = f
A
g;dimG = D, can be split in two essentially dierent sets:
M = fP
a






















and H = fL
i











































In fact, all odd symmetrized derivatives of P

a
and all even symmetrized derivatives of L

i
as well as L

i

























































) are independent and, therefore, there are exactly d such param-
eters. The maximal number of L
b
i;c
is d(d  1)=2, since they are antisymmetric. However,
















g = 0 (3:38)
that holds in symmetric spaces and that is, actually, the integrability condition for Killing











) is equal to


















The spaces with maximal number of independent isometries, i.e. with p = d(d  1)=2
and D = d+ p = d(d+ 1)=2, are the spaces of constant curvature and only those.




























































One can show [25] that the generators of isometries (acting on scalar elds) form a









































This algebra is just the one generated by the curvature tensor of symmetric space.
Hence we conclude that the curvature tensor of the symmetric space completely determines
the structure of the group of isometries.
3.4. General structure
The locally symmetric space M with covariantly constant curvature tensor is called
globally symmetric space (or, simply, symmetric space) if it is simply connected. The
symmetric space M is isomorphic to the quotient space of the group of isometries by the
isotropy subgroup M = G=H [25]. The eigenvalues of the matrix 
ik
determine the sec-



























symmetric manifold is of compact, noncompact or Euclidean type if all sectional curvatures
are positive, negative or zero, i.e. if the matrix 
ik
is positive denite, negative denite or
zero.















are the Euclidean, compact and noncompact components.














are the semi-simple compact and noncompact
ones.
There is a remarkable duality relation  between compact and noncompact objects.




































So, the star  only changes the sign of E
i
ab
but does not act on all other structure constants.





























We will consider in this paper mostly the case of compact manifolds when all sectional
curvatures are positive and, therefore, the matrix 
ik
and the matrix 
AB
(in Euclidean
case) are positive denite. It is not dicult to generalize then the results to the general
case using the duality relation and analytical continuation.
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4. Heat kernel
Below in this paper we restrict ourselves to the case of scalar operators, i.e. R

= 0.
The general case will be investigated in a future work.
4.1 Heat kernel operator





























Indeed, by making use of the eqs. (3.7) and recalling the denition of the matrix K (3.3)
it is easy to obtain (4.1) using the explicit expressions (3.33), (3.34).























and the Killing equation (3.5) has been used.
It is not dicult to show that the Laplacian belongs to the center of the enveloping
algebra, i.e. it commutes with all the generators of the algebra
[ ; 
A
] = 0: (4:3)
Let us now try to represent the heat kernel in terms of a group average, i.e. let us nd a
formula like









We formulate rst the answer in form of a theorem and prove it below.
Theorem 1:












it takes place the operator identity


























































is a symmetric nondegenerate





































































































































































































































































































































that hold on the group manifold, we convince ourselves that the eq. (4.23) is correct.
Thereby it is shown that 	(t) really satises the eq. (4.11).









and, therefore, the initial condition (4.12). Thus we found 	(t) = exp(t ) that proves the
theorem.
4.2. Heat kernel diagonal
So, we have found a very nontrivial representation (4.6) that holds on any compact
Lie group.
How can we proceed now with this useful theorem?
First, we can express the scalar curvature of the group manifold in terms of the scalar





































The representation (4.6) is valid for any generators 
A
, satisfying the commutation
relations (4.5), and so it is also valid for the innitesimal isometries (3.40), (3.41) of the
symmetric space. In this case is the usual Laplacian and exp(t ) is the heat kernel
operator.

















































































,  = det g
ab
. To get the heat kernel explicitly in coordinate representation
we have to act with the heat kernel operator exp(t ) on the delta-function on M
exp(t )(x; x
0



























) acts on a scalar function f(x) let us introduce a new
function



























It is not dicult to prove that
(s; k; x) = f(x
0
(s; k; x)); (4:36)
where x
0





































(1; k; x); x
0
): (4:39)















































)(q   q); (4:41)
where q = q(!; x; x
0
) is to be determined from the equation
x
0





and J(!; x; x
0




































); !)J(!; x; x
0
): (4:44)






Z(q(!; x; x); !)J(!; x; x): (4:45)





























































(s; q; !; 
b
) be the solution of the equation (4.47). Then q is to be




(1; q; !; 
b




































to be small. Moreover, we consider mostly the case when the points x and
x
0
are close to each other that means that 
a












meaning that the momentums q
a
are of the same small order.








 " 1 (4:51)
and look for a solution of the eq. (4.47) in form of a power series in ", i.e. in form of a























































































































Substituting (4.53) and (4.55) in (4.44) and expanding Z(q; !) we can calculate the
integral (4.40) for near points x and x
0



















































Using the obtained results (4.53), (4.55) and (4.56) and substituting the explicit form









































































where B(!) = fB
a
b
































































































































































































Mention, that this formula is exact (up to possible nonanalytic topological contribu-
tions, see the discussion in sect. 2). This gives a nontrivial example how the heat kernel
can be constructed using only the algebraic properties of the isometries of the symmetric
space.




































into the integral (4.61) and integrating over ! we obtain


































































we get nally an expression without any integration

































































This formal solution should be understood as a power series in the derivatives @
i
that is
well dened and determines the heat kernel asymptotic expansion at t! 0.
4.3. Heat kernel asymptotics




























































This formula can be used now to generate all HMDS-coecients a
k
for any symmetric
space, i.e. for any space with covariantly constant curvature, simply by expanding it in a
power series in t.
Changing the integration variables ! !
p
t! and introducing a Gaussian averaging
over !






































































Using the standard Gaussian averages
< 1 >= 1 ; < !
i












































with the help of matrix 
ik
. All these quantities are curvature invariants and
can be expressed directly in terms of Riemann tensor. Thereby one nds all covariantly
constant terms in all HMDS-coecients in manifestly covariant way. We are going to
obtain the explicit formulae in a further work.
5. Concluding remarks
In present paper we continued the study of the heat kernel that we conducted in our
papers [4,10,15,21]. Here we have discussed some ideas connected with the point that
was left aside in previous papers, namely, the problem of calculating the low-energy limit
of the eective action in quantum gravity. We have analyzed in detail the status of the
low-energy limit in quantum gravity and stressed the central role playing by the Lie group
of isometries that naturally appears when generalizing consistently the low-energy limit to
curved space.
We have proposed a promising, to our mind, approach for calculating the low-energy
heat kernel and realized, thereby, the idea of partial summation of the terms without
covariant derivatives in local asymptotic expansion for computing the eective action that
was suggested in [2,4].
Of course, there are left many unsolved problems. First of all, one has to obtain ex-
plicitly the covariantly constant terms in HMDS-coecients. This would be the opposite
case to the high-derivative approximation [15,16] and can be of certain interest in mathe-
matical physics. Then, we still do not know how to calculate the low-energy heat kernel





; Qg) are present. Besides, it is not perfectly clear how to do the an-
alytical continuation of Euclidean low-energy eective action to the space of Lorentzian
signature for obtaining physical results.
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